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SUMMARY

The vibration testing of large spacecraft structures in accordance

with procedures similar to those developed for military equipment dur-

ing the 1940ts has numerous shortcomings, particularly if the testing

process is considered to be a duplication of an equipment's in-service

vibration. The purpose of this technical note is to discuss some of the

shortcomings associated with the familiar sinusoidal sweep test.

Waveform distortion, being one of the more obvious problems, is

discussed. An analytical model of a simplified structure undergoing

vibration testing was studied with the aid of an analog computer. Solu-

tions for a nonlinear model demonstrate distortion of the armature ac-

celeration even though the applied force is sinusoidal. Filtering the

control signal to eliminate distortion may unduly penalize the speci-

men, although this technique is acceptable where the distortion is the

"random" type caused by the banging of parts.

The current trend toward larger spacecraft structures will un-

doubtedly continue, and the problems we now face will be small in com-

parison to those of the future unless some revisions are made in today's

philosophy.
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SINUSOIDALVIBRATIONTESTINGOF
NONLINEARSPACECRAFTSTRUCTURES

by

William F. Bangs

Goddard Space Flight Center

INTRODUCTION

The sinusoidal sweep vibration test is required by Goddard Space Flight Center (GSFC) for the

qualification of spacecraft structures and subassemblies. Although it is generally agreed that ran-

dom vibration testing more closely simulates the actual flight environment, sinusoidal tests will

continue to be specified either as a supplement to the random test or, in some cases, as the sole vi-

bration requirement. The reason for this policy is that the sinusoidal test offers certain advantages

over the random test:

1. The sinusoidal test is superior as a diagnostic tool. Since excitation is applied at a single

frequency, resonant frequencies and modes can be accurately described. Because random excitation

produces the simultaneous response of many modes, the behavior of each mode is obscured. Per-

formed in the development stage, the sinusoidal test invariably points out design deficiencies that can

be corrected early in the test program.

2. Sinusoidalvibration can be applied in the frequency ranges not included in typical random

tests. Most important is the frequency range of 5 to 20 cps, in which stress levels are likely to be

high and interaction of a spacecraft and a vehicle, in its low frequency modes, is likely to occur.

Many of the larger spacecraft now being developed have resonances below 20 cps.

3. Sinusoidal testing is relatively inexpensive, and equipment is readily available. For this

reason, testing at the subassembly level is often accomplished by using only sinusoidal excitation.

Sine wave tests are usually specified in terms of motion (acceleration, velocity, or displacement)

at the normal mounting point of the equipment under test.* One of the major problems occurring in

sinusoidal vibration testing of structures that are heavy compared with the shaker armature is wave-

form distortion in the motion of the mounting point.

*One exception is the specification for the NASA Scout and Delta payloads, inwhich there is an option allowing simulation of the solid

rocket motor vibration by controlling the force imparted to the payloads.



Since the "input," or specification level, is normally monitored

at the mounting point, waveform distortion here raises questions

about the adequacy of the test. Figures 1 and 2 show examples

of distorted waveforms that were observed during the vibration

testing of the Orbiting Solar Observatory I satellite (1962 _1)

structural model.*

The purpose of this report is to review some possible sources

of waveform distortion, present the results of an analog study of

a nonlinear system that exhibited distortion, and discuss the ef-

fects of distortion on vibration testing.

SOURCES OF DISTORTION

The problem of distortion in sinusoidal vibration testing is

not a new one. However, its magnitude has increased in recent

years until it can no longer be ignored as it has in most cases in

the past. In some recent tests, _ the harmonic components have

exceeded the fundamental, so that determination of the source of

the distortion has became imperative.

Wrisley (Reference 1) suggests that in some cases the equip-

ment can be at fault. If a small amount of harmonic distortion is

present in the output of the vibrator's power supply, we can expect

a condition in which the frequency of a harmonic is coincident

with that of a lightly damped resonance in either the structure

being tested or the armature. The resonant structure could then

be excited at a level great enough to produce a significant amount

of harmonic motion at the "input" transducer location.

Figure 1--Harrnonic distortion of
"input."

Although waveform distortion in the electrical input can cer-

tainly be a cause of "input" motion distortion, the type of distor-

tion plaguing the engineer in spacecraft testing is that resulting

from structural nonlinearities. The following symptoms support

this theory:

Figure 2--Aperlodlc d;stortion of
"input."

1. The frequency of the harmonic usually does not correspond to a resonant frequency of the

structure.

*Kirchman, E. J., and Hartenstein, R., "Evaluation of Vibration Test Data from the S-16 Structural Model Tests," NASA Report 321-I (RH)
S-16-09, Goddard Space Flight Center, May 1961. r

tFor example, Shockey, E. F., "S-51 Dutchman-Separation Mechanism Vibration Tests," NASA/GSFC Memorandum Report 621-7, December
16, 1961.



2. The apparent resonant frequency varies with the amplitude of excitation. This is a well-

known characteristic of nonlinear structures.

3. The "random" distortion (as shown in Figure 2) couldn't very well be attributed to electrical

wave distortion.

Structures exhibiting nonlinear stiffness properties can be broadly classified as either contin-

uous or discontinuous. An example of a discontinuous structure is one in which there is small clear-

ance or looseness between parts. If, during the vibration excitation, parts collide, many modes of

the parts will be excited at high accelerations. Figure 2 shows the effect of this phenomenon on the

"input" acceleration.

Structures that are continuously nonlinear influence the shaker motion by adding harmonics to

the waveform. Figure 1 is an example of this. To further understand the effects of nonlinear struc-

tures undergoing vibration, a simplified shaker and a single-degree-of-freedom specimen with a

cubic hardening spring were studied by means of an analog simulation.

ANALOGSIMULATION

The mathematical model is based on the following

assumptions:

1. The vibrator's armature, the test fixture, and

the part of the test specimen not resonating act as a

rigid mass.

2. The part of the specimen in resonance can be

represented as a mass with a nonlinear connecting

spring.

3. The force acting on the vibrator's armature

coil is sinusoidal regardless of the motion of the

armature.

The system is shown in Figure 3. Summing the

forces on each mass yields the equations of motion:

M_ + C_ + D(_- 9) + Kx + fix- y] = Fsin_t . (1)

Figure 3--Mathematlcal model of vlbratTon
rn_ + D(:;, - :_) + f[y - x] = 0 , (2) exciterand nonllnear speclmen.

where f [ ] is the nonlinear spring force, a function of the spring extension (y - ×) or compression

(x - y) , and the notation for masses, spring constant, damping coefficients, and coordinates is indi-

cated in Figure 3.

Structures often have a tendency to become stiffer or to "harden" with deflection. Thin panels

are known to behave in this manner (Reference 2). The Duffing spring, represented by a linear plus



a cubic term in the force deflection expression, has been used to represent the structural stiffness.

Thus, f Ix - y] in Equation 1 has been taken as

fix - y] = k(x - y) + fi(x - y)3

f[y - x] = - f[x - y] ,

(3)

Equations 1 and 2 can be expressed in dimensionless form by making use of Equation 3 and the

following identities:

k K C C D D
= 50ot , 500 2 = -_ , _2 = =

M ' C c - 2-'_ ' D-_c 2Wom ;

x = "-"L qb , y ¢ ,

o

: \5007d_- , ]) = k500/d . ,

d2¢ die,

2 = g d.T2 , _ = g d.Ti ;

where g is the acceleration of gravity.

By substitution, Equations 1 and 2 become

d2qb fl C de d f_2 m /3 g2 F sin_o _ (4)dT,.,, + 2_-_o'_¢'_7 + 2 _]_ (,:;b- +) +-- ¢ +.-_r{¢- d2} +_--_ (,:;b- ,¢)a =
600 2

d2¢ + 2 D d
d_ 2 _ _ (¢ _b) + (¢ ¢) + fig2 {¢ _ ¢) 3 = 0

k_ ° 4

(5)

Most of the dimensionless coefficients in Equations 4 and 5 are simple ratios that need no ex-

planation. The significance of the term fi_2,&_o4 , however, isn't immediately obvious. If the sub-

stitution for the static deflection S of a mass resting on a linear spring (of rate k) is made,

fig2 _8 2 fl83
k50o 4 = = _.



Thus, /392/kxo4 is the ratio of the nonlinear

force component to the linear force at the de-

flection S. Figure 4, which shows the force

deflection curves for the linear and the Duffing

springs, better illustrates the significance of

the parameter. It should be emphasized thatthe

deflection _ is the static deflection for a linear

spring (i.e., mg/k)and not the actual deflection

for the Duffing spring.

An analog computer was used to obtain

some solutions to Equations 4 and 5. The Duffing

spring characteristic was obtained with a diode

function generator. Seven connected straight

line segments approximated the force deflection

curve for the spring. Thus the accuracy of the

solutions, for very low amplitudes, leaves some-

thing to be desired. Where _ - ¢ is not small,

several line segments are being utilized and the

approximation is adequate.

SPRING
FORCE

f (x - y)

k6 SPRING

DEFLECTION

L/ (x-y)
B2=

/ / DUFFING

Figure 4--Force deflection curves for the linear
and the Duffing springs.

To obtain a solution to Equations 4 and 5, specific numerical values had to be selected for the

coefficients. The following values were selected as possibly representing an actual system:

C m

c_ : o.os. _r : 0.s0.

D /3g 2
-- = 0.05 - 0.10
D e ' kcao 4 '

-- = 0.20 .
cu 0

F(w) a_ T
With these parameters set into the computer, a sinusoidal input _ sin _00 was applied such

that the peak nondimensional acceleration d2qb/d_ -2 was approximately constant for the forcing fre-

quency range of _/%, varying from 0.7 to 1.38. Some resulting waveforms are shown in Figure 5

for the three values of zero to peak acceleration: 0.25, 0.50, and 0.75.

It is also interesting to note how the characteristics of the model vibrator change when the usu-

ally assumed linear load is replaced with a nonlinear load. Here, the sinusoidal force amplitude was

held constant as frequency was varied. The armature acceleration d2qS/dT 2 was monitored, and the

response curves for four forcing amplitudes are presented in Figure 6. The zero to peak values of

d2¢/d'r 2 were plotted after dividing byF/Mg to normalize the curves. The curve for the near-zero

force corresponds to the well-known linear solution in which the resonant specimen influences the
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Figure 6--Vibration acceleration for a constant force input d___ _ vs. _0"

vibrator's characteristics by the insertion of a notch and peak in the response curve. The distortion

of the frequency response curve for the nonlinear case is clearly shown in Figure 6. The waveform

of d2¢/d_ 2 is a distorted sine wave for all of the nonlinear curves. As the driving frequency is in-

creased, a point is reached where the system response abruptly changes. The deflections of the non-

linear spring become small, and the system behaves very nearly as a linear system.

DISCUSSION

The analysis has explained one of the causes of distortion that occurs during a sinusoidal test.

Experience with large spacecraft structures has shown that the nonlinear structural phenomenon is

the most important one, namely because it appears at the major structural resonances where large

excursions and high stress levels are likely to cause structural failure. On smaller packages the

effect of nonlinear stiffness of the package isn't too important because the major resonances occur

at higher frequencies with lower stress levels and also because the harmonic forces generated

within the small structure are not capable of driving the relatively large mass of the shaker

armature and fixture at significant amplitudes.



Theusefulnessof the analysisendsheresince,by thenatureof nonlinearproblems,a solution
for a givenset of parameterscannotreadily be extendedto anotherproblem. Also, thenonlinear
parametersfor a real structureare extremelydifficult to define.

Thequestionthat naturally follows an explanationof the sourceof a problemis whatto doabout
it. Suggestionsfrom literature onthe subjectare summarizedbelow:

1. Wrisley (Reference1)attributesmostdistortionto harmonicsin the amplifier outputthat
maybe multipliedwhenoneof theharmonicscorrespondsto thearmatureor someotherstructural
resonantfrequency. Hepointsoutthe errors in trying to measureandcontrolpeakaccelerationby
usinganaveragingmeterfor varyingpercentagesandphaseof third harmonicdistortion. Wrisley
concludesthatvibration facilities shouldbeequippedto usefeedbackproportionalto thepeakaccel-
erationanda true peakreadingmeter to monitoracceleration.

2. Schafer(Reference3)pointsout thatvibrationamplitudesmaybe in error by+90percent
becauseof distortedaccelerationwaves. Hefeels thatthe insertionof a filter onthe outputof the
control accelerometer,to eliminateall but thedriving frequencycomponentof accelerationwave-
form, wouldresult in a test that comescloserto carrying outthe intentof the specification.

Apparentlytheseauthorsdisagree,sinceWrisley proposesthat the instrumentationbesuchthat
theactualpeakis sensedandusedfor control--regardlessof thefrequencycomponentscontributing
to thepeak,whereasSchaferfeels that everythingbut thefundamentalshouldbedisregarded.

Whena specificationrequiresa givenaccelerationin thesinusoidaltest schedule,it seems
reasonableto assumethat this level appliesto thefundamentalforcing frequencyevenif the motion
cannotbemaintainedsinusoidal. Schafer'sapproach,then,is theobviouschoiceif thetest is to be
carried out in strict accordancewith the specification.

Thereare cases,especiallywhentestinglarge structures,wherepresentlyavailablevibration
equipmentis beingdrivenat maximumforce outputandstill not meetingthe specifiedacceleration
levels, evenincludingharmonics. In general,this situationarises at themajor resonancesof the
structurewheredistortion is mostlikely to occur. If therecommendationgivenby Schaferis fol-
lowed,thedeficiencyof availableforce will be evengreater. Likewise, thepercentageof harmonic
contentwill increasesinceit is generatedby nonlinearphenomena.

Specificationscanbesatisfiedif substantialchangesare madein thebasicvibrator design.
First of all, force outputcouldbeincreasedto the 100,000poundrange. Armatureweight,presently
keptto a minimum,couldbeincreasedsubstantially,andthereby increase the mechanicalimped-
anceof theshakertableandreducethe effectof harmonicforceson "input" motion.

Thethoughtof applyinga vibratory force of even30,000pounds(today'slimit) to a rocket-borne
payloadstructureshouldraise aquestionregardingthesoundnessof thephilosophybehindsuchre-
quirements:Whatare the requirementsdictating that a structure be qualifiedby the following
procedure?

1. Attachingit to anotherstructurethat is unspecifiedanddrastically differentfrom the launch
vehicle,



2. Excitingit bya force that is generallyunknownandthat is controlledonlyby theresponseof
a pointwherethe spacecraftstructureandvibrator structureare joined,and

3. Limiting theinputforceto themaximumforce capabilityof thevibrator.

Theanswerto this questionprobablylies in theevolutionof vibration testing. Thephilosophy
in the early dayswasto "drive" a relatively small article witha high impedancedevice: either a
mechanicalshaker, or the electrodynamicmachinesavailableat thetime. Here, theassumptions
weresimply thatthe environmentcouldbesimulatedby duplicatingmotionbecauseof thehighim-
pedanceof theequipment'snormalmountingstructureaswell astheshaker.

Todaythere is notechnicaljustification for motion-controlledtesting; it existsonlybecauseof
its history. Thereferenceto the shaker'saccelerationas an"input" demonstratestheneedfor re-
vision in our thinking. In largetest specimens,the shakertable's motionis nomorean "input" than
is themotionof the endof thestructure. In somecases,it's likely to bea node;in others,ananti-
node. Themajor resonancesobservedduringthetest areusuallynonexistentwhenthespacecraft
is matedwith its vehicle.

Theproblemof waveformdistortionpresentsa dilemmathathasto be resolvedbythe origina-
tor of thespecificationrather thanthevibrationequipmentmanufacturer.It is hewhohasfailed to
recognizethefact that, in testingreal structures,nonlinearitiesexist anddeviationsfrom there-
quiredtest are naturaloccurrences.This problem,whichis oneof manyassociatedwith vibration
simulation,canbe resolvedonlythrougha revisionof presentrequirements.

CONCLUDINGREMARKS

Test concepts for the future should include considerations for monitoring force as well as mo-

tion; for the effect of the impedance of the body being tested, the launch vehicle, and the vibrator;

for control of the vibrator's impedance, if feasible; for reliance on vehicle/spacecraft analyses for

loads and mode shapes that cannot be duplicated but certainly should be considered in the laboratory.

The possibility of eliminating shaker-driven vibration testing above 200 cps, for example, and reli-

ance on acoustic testing in the high frequency range should also be considered where applicable.

Testing with the structure cantilevered from a solid foundation, for more controlled testing and the

acquisition of structural dynamic properties not distorted by shaker and slip table characteristics,

might more closely simulate in-flight load distributions.

A few procedures that are recommended by GSFC for the testing of large spacecraft structures

might be useful to those presently facing the problem with similar structures:

1. Waveform should be closely monitored so that we can at least know what happened during

the test--right or wrong. This, by necessity, requires that data be stored on magnetic tape and

spectrum-analyzed at critical frequencies.



2. Thesignalfrom the controltransducershouldnotbefiltered unlessit hasbeenestablished
that thedistortion is that resulting from loosenessor bangingof parts. Ona satellite structurere-
centlytestedat GSFC,the secondharmonicof thetableaccelerationwas3.8times that of theforcing
frequency.* In this case, filtering anddriving thefundamentalto thespecifiedlevel wouldsurely
havedestroyedthe structure.

3. Sincemotioncontrol canresult in unreasonablyhigh loads,fixtures shouldbeequippedwith
force transducersto monitorbendingmomentandaxial load. Theseloadsshouldnotbe allowedto
exceedthedesignlimit during thevibrationtest.
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